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The approach to the solution of stabilization problems for steady motions of holonomic mechanical systems [1, 2] based on linear
control theory, combined with the theory of critical cases of stability theory, is used to solve the analogous problems for non-
holonomic systems. It is assumed that the control forces may affect both cyclic and positional coordinates, where the number »
of independent control inputs may be considerably less than the number n of degrees of freedom of the system, unlike in many
other studies (see, €.g., [3-5]), in which as a rule r = n. Several effective new criteria of controllability and observability are
formulated, based on reducing the problem to a problem of less dimension. Stability analysis is carried out for the trivial solution
of the complete non-linear system, closed by a selected control. This analysis is a necessary step in solving the stabilization probiem
for steady motion of a non-holonomic system (unlike holonomic systems), since in most cases such a system is not completely
controllable. © 2002 Elsevier Science Ltd. All rights reserved.

Some stabilization problems for steady motions of non-holonomic systems have been considered
previously [6-8], but questions of controllability and observability were not investigated.

1. FORMULATION OF THE STABILIZATION PROBLEM FOR
STEADY MOTIONS OF NON-HOLONOMIC
MECHANICAL SYSTEMS

Consider a non-holonomic mechanical system whose position is defined by generalized coordinates
g1 ---» gn. The velocities ¢, ..., ¢, are subject to n — I({ < n) time-independent non-holonomic
constraints

!
4= 3 by 4, CEY

Here, are throughout this paper, unless otherwise indicated, the subscripts take the following
values:i = 1,....5p,rns=1,..., Lo, By=k+ 1., bu=m+1,...,mp=I1l+1....m
r=I+1,...,n

The equations of motion of a non-holonomic mechanical system will be taken in the form of the
Voronets equations [9]
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Where 8 and 6, are the results of eliminating the quantities ¢,, using Eqs (1.1), from the expressions
for T and 07/9g,, where T is the kinetic energy of the system
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and Q, and Q, are generalized forces corresponding to the generalized coordinates g, and g,.
Equations (1.2), together with Eqs (1.1), constitute a closed system of order n + [ in the variables

q1s ...,qn,ql, cees .
Let us assume that the following conditions are satisfied [10]

oT abx, )
=0, 9,=0, —*=0, 0,=0,4,9.9)
99, ' 99y P g

implying that the last n —m equations of non-holonomic constraints (1.1) are Chaplygin-type constraints
(the first m ~ constraints are of general type).

In addition, suppose some of the generalized coordinates gy, ..., g, of the mechanical system are
cyclic coordinates (CCs). It should be mentioned that, while the definition of CCs for holonomic
conservative systems automatically guarantees the existence of cyclic integrals in steady motions (SMs),
there are several definitions of CCs for non-holonomic systems {10]. In that situation, moreover, the
equations of motion of the system may not have cyclic integrals, though they may admit of SMs. In this
paper we will adopt the definition of CCs in [10], which guarantees the existence of SMs. We shall assume
that the coordinates g, are cyclic in the sense of that definition, that is,

ob n ..
.58:19— =0, aqp' =0, 5(81_- ZI le,u,vx,, =0, Q.‘,u,p = Qi,u,p(qi’ 9i> 90> qp)
a a o A=it

The remaining coordinates g, and g, are positional.

Let us assume that the generalized forces corresponding to the positional coordinates are sums
of potential, dissipative and control forces; the only generalized forces affecting part of the
CCs (oo = k+1, ..., k+h) are the control forces; no generalized forces at all affect the other
CCs (B = k+h+1, ..., 1). Note that if the control forces affect all the CCs, then h = [ ~ k. Thus, the
generalized forces may be expressed in the form

U o U _
== -—+F, =—+F, @,=F, =0
' =a aa T @7, w O

where U is the force function, @ is the reduced dissipative function, and the control forces F; depend
on the generalized coordinates g, and g, and depend linearly on the control inputs uD(r, x 1),
u(z)(rz x 1), u®(r3 x 1), applied along the coordinates g;, qp and q,, respectively. Depending on the
particular problem under consideration, the controls u, 1@ u® may be introduced in various ways.

Information about the values of g;, g, g, and g, is obtained by gauges mounted both on the
system itself and outside it. The (s x 1)-dimensional vector of measurements is generally a function
of all the positional coordinates g; and g, and of the cyclic and independent positional velocities g,
and qi .

Suppose that under certain initial conditions the system may have a steady motion such that the
positional coordinates and cyclic velocities are constant:

g;(1)=qp» q,(t)=0, Qu(t)=4a0=mav CIp(‘)'-’%o (13)

In such a case the m constant quantities gjg, G and gy will satisfy m equations, which will not be written
out here.

Consequently, in the general case the SM may turn out to be isolated. In some cases, given various
additional assumptions on the coefficients of the equations of the non-holonomic constraints, the kinetic
energy and the generalized forces, a manifold of SMs may exist [9, 10]. We shall assume that the control
forces vanish on a SM.
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The stabilization problem for a SM is as follows: By a suitable choice of the control inputs, applied
along both cyclic and positional coordinates (or part of those coordinates), it is required to make SM
(1.3) asymptotically stable (or simply stable) with respect to the positional coordinates g, and g,,,
positional velocities ¢; and cyclic velocities g,. The optimal stabilization problem for a SM may be
formulated in analogous terms. The special feature of the formulation of the stabilization problem for
SMs of non-holonomic systems (as of the stability problem) is that the constraint equations occur in
the structure of the system of equations of perturbed motion (except in the case of Chaplygin systems).

We now introduce the errors

X =¢,~q0 Yo =Ge~Wq 2 =4y~ 4p0 (1.4)

and with the equations of perturbed motion on the basis of Eqs (1.1) and (1.2) in terms of the variables
x(k x 1), y((I - k) x 1), z((m - I) x 1), with the linear terms written separately

A%+ Cy=Wux+Dix+PRy+Viz+ FOuD + DTF®uD 4 X(x, £, , 2)
CTi+ By = Wyx + Dyx + By + Voz + FOUD + BTFPU@ 4 y(x, 1, , 2) (1.5)
z=Wyx+Dyx+ By+Vyz+2Z(x, %, y,2)

The formulae for the elements of the matricesA, B, ... are similar to the appropriate formulae in previous
studies [10]; X, Y and Z are vector-functions containing terms of order greater than one in the newly
introduced variables.

System (1.5) has the most general structure, special cases of which are the equations of perturbed
motions in a neighbourhood of!

1. the equilibrium positions of a holonomic system (k =/ =n =m,y =0,z =0);

2. the equilibrium positions of a non-holonomic system with constraints of general form (/ = %,
m =n,y =0),

3. SMs of holonomic systems (I = n, z = 0);

4, SMs of non-holonomic Chaplygin systems (m = [, z =0).

Under specific conditions, which arise in different problems, the structure of the equations of
perturbed motion (1.5) may be simplified considerably. The additional conditions most commonly
adopted in analysing the stability of SMs of non-holonomic systems, when there are no control forces,
are the following [10].

boo = 0 (Condition 1), i 6,8 Vyoy = 0 (Condition 2) (1.6)
1

u=m+

If condition 1 is satisfied, then P,, P3, W3 and V3 in Eqs (1.5) are zero matrices, while the zero matrices
in the case when Condition 2 is satisfied are P, and P;. But if both Conditions 1 and 2 hold, the equations
corresponding to CCs and the equations corresponding to the equations of the non-holonomic
constraints do not contain linear terms in the variables x,, y, and z,, thatis, P, =0, W, =0, V; = 0
(j=23)

The equation of measurements may be written in the form

G=H|X+ H2X+H3y+H4Z (1.7)

where o(s x 1) is the linear part of the measurement vector and Hy, ..., H, are constant matrices of
the appropriate dimensions.

The linearized equations of motion in the form (1.5) and the equation of measurements (1.7) are
fundamental for solving the stabilization problem for steady motions of non-holonomic systems with
time-independent constraints.

The solution of the stabilization problem [1, 2] involves:

1. determining the basic possibilities of stabilization, which reduces to investigating the controllability
of system (1.5);

2. determining the rational composition of measurement information on the state of the system (the
quantities x, y, x and z), necessary in order to construct a stabilizing control, which reduces to analysing
the observability of system (1.5), (1.7);

3. constructing the stabilization algorithm itself, e.g., by estimating the state vector of the system,
which is constructed using the previously determined measurement information [1];

4. analysing the stability of the non-linear system closed by a selected linear control.
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2. CONTROLLABILITY
For direct application of known controllability criteria [13, 14] to system (1.5), written in Cauchy form,
one must investigate the ranks of complicated matrices of high orders.
To investigate the controllability of system (1.5), we introduce variables
N=By+C x~(D,-PB'CT)x, {=z-(D;-PB'CT)x
and transform the linearized system (1.5) to the form

Sk + Nx + Kx + M + M8 = FOu® 4 DT FO,® _ cg™' F3, D
n=Rx+ BB 'n+ Vi + B FPu® + FO® D
{=Ryx+PB M+ Vet (22)
where
§=8">0, S=A-cB'c", D,=D,-PB'C", Ds=D,-RB'CT
N=CB'D;+PRB'C" -D,, K=-W,-RB'Ds+CB'R -V,D,
M,=(CB'R,-R)B”', M,=CB'V,-V,
R =W, +V,D,+ P,B'Ds, R,=W,+V,D,+P,B "D,
Using the controllability criteria of [14] one can prove the following.

Theorem 1. System (2.1), (2.2) is controllable if and only if

L\ M, M, FO DIF?_ cp'F®
rank|| ~R, AE,_, - PR,B”"' -V, 0 PAF? F® fl=m, VieA
-R, -pB™! AE,_,-V, O 0 0

A={\;:det{LA)] =0}, Li(A)=SA*+NA+K

L) M, M,
L\)y=|| ~R, \E,_,~PRB™" -V,
-RZ _P3B§l )"Em—l - V3

Note that controllability of system (2.1), (2.2) (that is, satisfaction of the conditions of Theorem 1)
may be achieved, generally speaking, when only one of the control inputs u® u® 3 is present.

If conditions (1.6) are satisfied, the special features of the structure of system (1.5) enables one to
obtain new, effective controllability criteria by reducing the problem to systems of lower order.

Controllability of system (1.5) when Condition 1 is satisfied. It follows from the structure of Egs (2.1)
and (2.2) that, if Condition 1 of (1.6) is satisfied, system (1.5) splits into two subsystems (R, = 0), the
second of which, corresponding to the equations of the non-holonomic constraints, is uncontrollable.
Thus, given any control forces, the system is uncontrollable with respect to the variables {, which
correspond to the positional variables whose velocities are dependent because of the constraint
equations. This is a special feature of systems with non-holonomic constraints compared with holonomic
constraints.

Application of the controllability criterion of [14] to subsystem (2.1) (with { = 0), allowing for the
special structure of the system, and the use of equivalent transformations enable one, via reduction, to
prove the following theorem, in which the conditions for controllability of a system of order k + [ reduce
to verification of ranks of matrices of order k.

Theorem 2. System (2.1) of order k + [ is controllable if and only if the following conditions are satisfied
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K RB—I F(U D3TF‘2) CB-IF(3)

rank
-R, 0 0 0 F®

l=k, if A=0eA,

)

Controllability of system (1.5) when both Conditions 1 and 2 are satisfied.
Suppose both conditions of (1.6) are satisfied. Let us split the vector n into parts

rank || LX), F, DIF?, cB'FP =k, VAz0eA,

L) -RB™

A, = : = =
( 2 {;“t de[[l’l(x)] O}’ Lz(l) det "R| )"El-k

T
n=ninind] nich x D, ny(h=-h)x D, My - k=m)x 1)

depending on which CCs are subject to control inputs and which are not. Here A, is the number of
control inputs applied along the CCs. We represent the matrix F®((/ - k) x /1,) in the form

col { E, . ﬁ(’f—)fn oy 0}
where E (hy x hy) is the identity matrix.
Note that if the control inputs affect all the CCs and they are all independent, then F® is the identity
matrix of order / - k.
Introducing a new variable & = 1, — F*n,, we write Egs (2.1) in the form

Sk +Nx+ Kx - BB FOn = FOUV + DTFOu® 4 cB ' FOYP | 3, =y (2.3)

£E=0, ;=0 (2.4)

Obviously, subsystem (2.4) is uncontrollable, the corresponding roots of the characteristic equation

being zero. The influence of the control inputs 4 applied along the CCs 1 on controllability with respect
to positional coordinates depends essentially on the nature of the matrices C and P;.

The case P, =0, C # 0. Using the previously proposed criterion of [14] and taking the structure of
the system into account, together with the spectrum of its eigenvalues

AeApLA=0; A =(A, :det[L,(M)] =0}
one can prove the following theorems.

Theorem 3. System (2.3) of order 2k + h; with P; =0 is controllable if and only if the following system
of order 2k is controllable

Sk + Ni+ Kx = FOuW 4 pI F@,@ _ cp=t p3,
and moreover
rank |k, F", D] FP) =k
Theorem 4. System (2.3) of order 2k + hy with P, = 0 is controllable if and only if
(a) rank [k, F", D] F@| = k, (b) rank L, (A).CB'F®, F, D] FOl=k, VA#0eA,

For one of the most common formulations of the control problem for a system with CCs [15], when
the controls are applied only along CCs (or some of them), we have the following corollary.

_Corollary 1. If the control inputs act only along CCs (F M = 0, F@ = Q), then system (2.3) of order
2k + hy with P, = 0 is controllable if and only if
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detK#0 and rank|L(A), CB™'FP|=k, VA=0e€A,

The case P, =0, C = 0. In this case system (2.3) splits into two independent subsystems, the second
of which is completely controllable.

Corollary 2. In the case when P; =0, C = 0, system (2.3) of order 2k + h, is controllable if and
only if

(a) rank [L,(A), FD,DIFP) =k, VA e A or

(b) the control inputs are applied along all positional coordinates whose velocities are independent
because of the constraint equations (F M= E)).

Thus, a necessary condition for controllability of system (2.3) in the case when P; =0, C =0, is that
the control inputs affect the positional coordinates, and moreover the controllability may be achieved
by applying the controls both to those positional coordinates whose velocities are independent, and to
those whose velocities are dependent because of the constraint equations.

The case P, # 0, C =0. In this case system (2.3) may be considered as a system consisting of subsystems
connected in series, one of which is obviously controllable. Then, introducing an auxiliary control vector
w of order k;, we can prove the following theorem.

Theorem 5. A necessary and sufficient condition for system (2.3) of order 2k + h; in the case when
C =0 to be controilable is that the following system of order 2% be controilable

Sk + Nk + Kx = FOUY 4+ DTFPD 4 p gt Fy .5
Using previous results [16], one can show that system (2.5) is controllable if and only if
rank L, (M), FO, D] F, RB'F| =k, VAeA,
The case Py # 0, C = 0. In this case it cannot be proved that the question of whether system (2.3) is
controllable can be reduced to analysing a system of lower order, as in Theorem 3. The following theorem

may be proved by arguments similar to those used to prove Theorem 4.
Theorem 6. System (2.3) of order 2k + A, is controliable if and only if
rank |L, (A), F®, DI F®, (AC - B)B"! FO|=k, VAeA,A=0
Now, using Theorem 6, one can prove the following reduction theorem.
Theorem 7. System (2.3) of order 2k + h, is controllable if and only if the system
Si+NTx+K'x=0

of order 2k is observable by measurements

F(I)T 0
6=Hx+Hyx; Hy=§ F¥'D, | Hy= 0
_F(3)TB-|P'T _F(3)TB-|CT

Corollary. If the control inputs act only along all the CCs and they are independent (F M =0,
F@? =0, F® = E, ), then system (2.3) of order 2k + h, is controllable if and only if

rank |L,;(A),CA - B =k, VA e A,

Similar theorems concerning reduction of the controllability problem and controllability criteria may
be formulated when Condition 2 is satisfied.
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3. OBSERVABILITY

In order to solve the stabilization problem for non-holonomic mechanical systems by designing controls
in the form of linear feedback, one must have information on the state of the system, obtained from
various measuring instruments. The question of the minimum amount of accessible measurement
information necessary to determine the full state vector of the system is of practical interest. It should
be borne in mind that positional coordinates, positional velocities and cyclic velocities are measured
by different instruments.

If Conditions 1 and 2 are satisfied, the special structure of the system makes it possible, as in
controllability analysis, to reduce the problem, thereby obtaining new, simpler and effective
observability criteria.

Here we will limit ourselves to observability conditions for system (1.5) in the case when Conditions
1 and 2 are satisfied by measurements

g =H|X+H2.X.', G](S] X|) (3.1)
0, = Hyy, O,(s, X1) (3.2)
It is assumed that the matrices H; (s; X k), Hy(s| x k), H3(s, % (I-k)) are of full rank.

Theorem 8. System (1.5), (3.1) is observable if and only if the following conditions are satisfied.
Li(x
ankl 1) ]

H, +\H,
For the proof, it is convenient, as at the beginning of Section 2 to introduce variables { and 7, as
well as a variable x = P,B™'n + V1, and to express system (1.5) in the form

=k, VYAeA,; rank H, =&, rank"P‘B'l Vi "=m—k (3.3)

Sk+Ni+Kx-y=0, x=0

It is important to stress that a necessary condition for conditions (3.3) to hold is that s; = k (the number
sy of measurements (3.3) equals the number of positional coordinates x); that is, all the positional
coordinates must be measured. A necessary condition for observability of the vector x to imply
observability of the variables 1 and , is that kK = m - k, i.e. the number k of positional coordinates
must be not less than the sum of the number of cyclic coordinates and the number of non-holonomic
constraints of general type.

It is obvious that system (1.5) is non-observable by measurement of only positional velocities
(H; =0). It can be shown that system (1.5) cannot be completely observable even by measurement (3.2).

Remark. If the stabilization problem for steady motions of a non-holonomic mechanical system is limited to the
achievement of non-asymptotic stability, there is no need to estimate the entire state vector. It may therefore be
convenient to estimate only that part of the vector of cyclic velocities (see Sections 2) affected by the control input.

If 0, and o, are being measured, the first and second observability conditions of Theorem 8 are
retained, but the third becomes

RB™ v
Hy 0

rank =m-k

4. AN ALGORITHM FOR THE STABILIZATION OF STEADY MOTIONS
AND INVESTIGATION OF STABILITY OF THE CLOSED SYSTEM

In the general case, the initial linearized system (1.5), (1.7) may be controllable and observable. One
can then construct a feedback control based on estimation of the state vector in such a way as to make
the trivial solution of the complete closed non-linear system asymptotically stable.

However, in the most common cases, as indicated in Sections 2 and 3, system (1.5), (1.7) is not
completely controllable and observable. It is generally impossible, therefore, to guarantee asymptotic
stability of a steady motion (1.3) by introducing feedback based on estimation of the state vector. In
these case, having constructed a control for the controllable subsystem, one must analyse the stability
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of the trivial solution of the complete closed non-linear system (Lyapunov’s theorem of stability in the
first approximation is not applicable in this case).

Suppose conditions 1 and 2 are satisfied. As shown in Section 2, system (1.5) splits into two subsystems.
One of them corresponds to the zero roots of the characteristic equation. If the assumptions of
Theorems 4-6 hold, subsystem (2.3) is controllable and one can construct a control for it in the form

W = ~K,x- K x- Ky, j=12.3 (4.1)

where Kj; are constant matrices of appropriate orders, chosen subject to the conditions for asymptotic
stability of system (2.3) closed by control (4.1).

If the observability conditions of Theorem 8 are satisfied, one can design a linear feedback based on
an estimation of the state vector of the system, in the form

u? =K, ¥~ K%~ K9 j=123 (4.2)
%, X, y being estimates of the vectors x, X and y obtained, for example, from the estimation algorithm
w=A,Ww+L,(6~C,W)+Bu w= col| 1", £7,y7,2" | (4.3)

where 6 = C,w is a measurement with respect to which the system is observable. The matrix of the
gains L,, is determined based on some criterion for smallness of the estimation error Aw = w = w. The
estimation error Aw must satisfy the equation

Aw=(A, - L,C,)Aw

whose characteristic polynomial may be prescribed in advance, if the system is observable, by a suitable
choice of the constant matrix of the filter gains L,,. In particular, if there are random measurement
errors, the matrix L,, can be chosen so as to minimize the variance of the estimation error Aw. The
closed controllable system is then described by relations (2.3), (4.2) and (4.3).

Let us investigate the stability of the trivial solution of the complete system (2.1), (2.2), closed by a
linear control, on the assumption that subsystem (2.3) is completely controllable and the controls
uD, u? and u® have the form of (4.2).

The characteristic equation of the linear system (2.1), (2.2) closed by control (4.2) has m ~ (k + h,)
zero roots, while the others lie in the left half-plane. It can be shown that this system may be reduced
to a form which corresponds completely to the special case of several zero roots, and the Lyapunov—
Malkin theorem [10, 17), according to which the trivial solution of the system is stable, will hold. Under
those conditions any perturbed motion sufficiently close to the unperturbed motion will approach one
of the possible SMs as t — oo,

Note that questions of the stability of the full linear system closed by a linear control affecting only
the cyclic coordinates or some of them, when Conditions 1 and 2 are satisfied, have been considered

previously [8].

5. EXAMPLE

Let us consider the classical problem of the motion of a Chaplygin sleigh moving along an inclined surface
[9]. A heavy rigid body rests on an inclined plane P supported on three knife-edges, two of which are
absolutely smooth and the third is equipped with a semicircular blade. The projection of the mass centre
of the body onto the plane P lies on a straight line perpendicular to the blade and passing through the
point K at which the blade touches the plane-P. The generalized coordinates will be the Cartesian
coordinates &; and &, of the point K (where the &, axis is parallel to the horizontal plane and the
&, axis is directed upward with respect to the supporting plane P) and the angle of rotation @ of the
body about a straight line perpendicular to the plane P. A non-holonomic constraint, expressing the
condition that the body does not slide in the direction orthogonal to the plane of the blade, is described
by the equation &, = &, tg ¢. The Lagrangian has the form

L= %[(él +lpcos )’ +(§.2 +[@sin 9)? +k2(b2]— mgsino(§, ~[cos®)

where m is the mass, k is the radius of inertia, o is the inclination of the plane, and ! is the distance
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from the projection of the mass centre onto the plane P to the point K. As has been observed [10], the
above constraint is not of Chaplygin type. It can be verified that the equations of motion admit of a
steady motion

01 =@y (9o =0,m), §(1)=0, &, =v, &, =8y, (5.1)

representing uniform translation of the body with velocity v, with the blade moving parallel to the &,
axis. In this case Condition 1 holds only in steady motion. The equations in Voronets form, linearized
in the neighbourhood of this steady motion, have the form (1.5)

pli + 18y + gldsinax = by,
13X + y + gsinox = byu,
Z=vx

where

X =0 =, Y=&1—V» 2=&) ~&y; d=cos@y, p> =12+’

and b, and b,u; are the linear parts of the control inputs acting along the positional and cyclic
coordinates, respectively.

By Theorem 1, the system is controllable if b;b,v # 0. This means that the equilibrium position
is not controllable (v # 0) and that both positional and cyclic coordinates must be subject to
controls.

One can then construct a feedback control with respect to all the variables x, x, y and z which
guarantees asymptotic stability of solutions (5.1) for the complete non-linear system of equations of
the perturbed motion (by Lyapunov’s theorem of stability in the first approximation [17]).

If the control is introduced only along the cyclic coordinate (u; = 0), the system is not completely
controllable and, introducing variables

C=18gsinaz+v(p*c+8ly), n=1I8i+y
one can reduce the system to the form (2.1), (2.2):
k%% = ~8luy, M= —gsinou+u,, § =0

By Theorem 2, subsystem (2.1) is controllable with respect to the variables x, x, and n if / sin ot # 0.
If a control (4.1) is constructed, the Lyapunov-Malkin theorem [17] will guarantee stability of solutions
(5.1) with respect to all the variables x, %, y and z for the complete linear system of equations of perturbed
motion.

This research was partially supported by the Russian Foundation for Basic Research (00-01-00391)
and the “Universities of Russia” programme.
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